Abstract A general approach based on the introduction of a control function for constructing amplitudecontrollable chaotic systems with quadratic nonlinearities is discussed in this paper. We consider three control regimes where the control functions are applied to different coefficients of the quadratic terms in a dynamical system. The approach is illustrated using the Lorenz system as a typical example. It is proved that wherever control functions are introduced, the amplitude of the chaotic signals can be controlled without altering the Lyapunov exponent spectrum.
Introduction
Chaos is a well-known phenomenon in physics, engineering, and many other scientific disciplines. Recently, simple chaotic flows and circuits have aroused much interest because of their potential applications [1] [2] [3] [4] [5] . Meanwhile, the amplitude control of a chaotic signal is important in applications of chaos. Furthermore, it turns out that the amplitude control technique described here not only yields the expected amplification without any extra circuitry but also provides a new security encoding key.
Perhaps the simplest example of amplitude control occurs in piecewise-linear systems with a single constant term, in which case the value of the constant controls the amplitude of all the variables without altering the Lyapunov exponent spectrum. Li et al. [6] [7] [8] [9] have proposed several such chaotic systems using the absolute value nonlinearity. Another common piecewiselinear function is the signum, which switches from −1 to +1 as its argument goes from negative to positive. If it is the only nonlinearity and there are no constant terms, then its coefficient can provide amplitude control since it uniquely determines the scale of the variables. If the signum is multiplied by one of the variables so that the signum determines only the sign of the corresponding term and not its magnitude, then a constant term is also needed to provide amplitude control.
In this paper we discuss a general approach to controlling the amplitude in chaotic systems with quadratic nonlinearities, which are commonly studied, but for which amplitude control is more problematic. Unlike most of the schemes proposed in the literature, we consider cases where the variables are simultaneously controlled in proportion to one another, rather than the more usual cases in which they are independently controlled, which generally requires additional circuitry [10, 11] . This result is accomplished through the judicious choice of the coefficients of a quadratic term to achieve amplitude control. The amplitude control approach works for any dynamical behavior including limit cycles and chaos. In Sect. 2, we discuss the amplitude control mechanism. In Sect. 3, we apply the amplitude control technique to the Lorenz system, showing the details of three control regimes. The general amplitude control approach is discussed in Sect. 4.
Amplitude control mechanism
A chaotic system with quadratic nonlinearities and no constant terms can be written aṡ 
is the coefficient of each quadratic term in the dimension k. Therefore, the introduced function F = b k f (m) in the quadratic terms in Eq. (2) can control the amplitude of the signal variable vector X,
where m is an ultimate physical input and b k = 0 or 1 (k = 1, 2, . . . , l). The fundamental law for amplitude control is that a simultaneous change in the coefficients of all the nonlinear terms leads to a system of equations that can be reduced to the original equations by a suitable linear rescaling of the variables.
(1) Total Amplitude Control (TAC). If the unified control functions are introduced into the coefficients of all the quadratic terms, the amplitude of all the variables will be controlled. This is called TAC. In practice, the introduction of a control function only requires a potentiometer to replace the fixed resistor in an electrical circuit implementation. Ganged potentiometers can be used to obtain the simultaneous control of multiple parameters. Figure 1 shows the amplitude control structure based on a control function in the quadratic coefficients. As illustrated in the diagram, the substitution of a variable resistor can make the signals generated in a chaotic circuit adjustable.
To illustrate this control mechanism, we apply different control modes to the well-known Lorenz system [12] [13] [14] by introducing control functions in the quadratic nonlinearities. From the analysis of the Lorenz system in different control regimes, it is proved that such an amplitude control function does not affect the Lyapunov exponent spectrum.
Amplitude control regime

Partial Amplitude Control (PAC)
The Lorenz system [12] is the most famous chaotic system with quadratic nonlinearities and provides a good and non-trivial example for control since it includes two quadratic terms given by
where typically a = 10, b = 8/3, and r = 28 for chaos. We can introduce the control function in the coefficient of the quadratic term in either the second or third dimension. In fact, only when the control function is introduced into the third dimension can one achieve PAC. Assuming that the variable z is unchanged, through a simple linear transformation of the other variables, the system with a new coefficient of the xy term can be transformed back to the original equations. However, if the control function is introduced in the xz term of the second dimension, no linear transformation of the variables can restore the original equations. The reason the former works is that in the first two equations, each term depends on the first power of the variables x and y. Furthermore, this linear dependence of the first two equations means that PAC cannot be obtained by controlling any of the linear terms without introducing additional parameters. 
is identical to (3) . Therefore, the function f (m) can control the amplitude of the variables x and y according to 1/ √ f (m), while the amplitude of z is unchanged.
For system (4), the rate of state space volume contraction is given by ∇V = The Jacobian matrix of system (4) is given by
whose characteristic equation is
This equation shows the effect of the control function on the eigenvalues. When the coordinate shift in the x-axis and y-axis is u = x/ √ f (m), v = y/ √ f (m), w = z, the characteristic roots remain the same as before, proving that the Lyapunov exponent spectrum is unchanged.
In practical engineering, the control function is realized by a potentiometer. The relationship between resistance and the rotation angle m will lead to different control functions. If f (m) = m, the amplitude of variables x and y will vary according to 1/ √ m while variable z is unchanged as shown in Fig. 2 . If f (m) = e m , the amplitude of variables x and y will vary according to 1/ √ e m as shown in Fig. 3 . Figures 2(a),  3(a) give the maxima and minima of x, y, and z, which shows that the amplitude x and y change according to 1/ √ m and 1/ √ e m , respectively, while the amplitude of z remains unchanged. Figures 2(b), 3(b) show the constant Lyapunov exponents as m changes to within numerical error. Because the exponent function is positive, the range of the control parameter is selected as [−2, 2]. The Jacobian matrix of system (8) is given by
The control function in the characteristic equation is canceled by the coordinate shift in the x-axis, y-axis and z-axis. With the coordinate transforma-
, the characteristic roots remain unchanged as before. Therefore, the Lyapunov exponent spectrum remains unchanged.
Suppose the control function is f (m) = m. Then from Theorem 2, the amplitude of variables x, y, and Proof By the variable transformations,
Equation (11) will be the same as Eq. (3). Thus the control functions f (m) and g(n) can control the amplitude of variables x and y according to
, and z according to 
The control function moves the equilibrium points The Jacobian matrix of system (11), is given by
Therefore, the characteristic equation is
The effect of the control function in the characteristic equation is canceled by the coordinate shift in the x-axis, y-axis, and z-axis. When a coordinate transformation of the chaotic flow is executed as in Eq. (12), the characteristic roots remain constant as before. These factors lead to a constant Lyapunov exponent spectrum. 
Conclusions and discussion
In conclusion, we have presented a general approach by introducing control functions into the quadratic terms of a dynamical system to realize amplitude control of chaotic signals and discussed its three realization regimes in which the amplitude can be partially or totally controlled. In the composite mode and partial mode, there are different amplitude variations for the variables. These control approaches can be realized in an electrical circuit by a single potentiometer or by ganged potentiometers, which are convenient and benefit secure communications and other fields of information engineering.
